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Abstract 
 
The objective of this paper is to investigate the simulated annealing optimization of tuned mass 
dampers (TMDs) for vibration control of high-rise buildings under seismic excitations. The 
computational procedure for an analytical model, including the frequency domain analysis, 
optimization analysis and time domain analysis, is presented for this purpose. Numerical examples, 
including the model validation and effectiveness assessment, are also provided to illustrate the 
analytical model. The numerical results determined by the simulated annealing are consistent with the 
exact solutions obtained from the gradient-based algorithm, suggesting that the simulated annealing 
provides the sufficient accuracy for such problems. Furthermore, the dynamic displacements of the 
main structure can be successfully controlled by the TMD, indicating that the vibration energy 
transferred from the main structure to the TMD is attributed to the frequency loci veering and mode 
localization when the natural frequency of the main structure and that of the TMD approach one 
another. 
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Introduction 
 
In the last several decades, light-weight and high-strength materials have been widely used in the 
construction of high-rise buildings. Such structures are susceptible to seismic excitations due to their 
light, flexible and low-damping characteristics. Under these conditions, large-amplitude vibrations of 
high-rise buildings during strong earthquakes greatly affect the structural safety, which is a significant 
concern for design purposes. Consequently, a variety of passive energy dissipation devices installed in 
high-rise buildings have been extensively applied to reduce structural responses (Soong and Dargush 
1997). Among these devices, a tuned mass damper (TMD) consisting of a mass-spring-dashpot 
system is the first one to be theoretically studied from the academic viewpoint (Frahm 1911). For the 
engineering applications, TMDs have been successfully realized for vibration control of high-rise 
buildings, such as the John Hancock Tower in Boston, the Citigroup Center in New York City and the 
Taipei 101 in Taipei (Taranath 2005). 

A two-mass system consisting of a TMD attached to a main structure idealized as a single-
degree-of-freedom (SDOF) system under excitations can be used to explain the energy dissipation 
mechanism of the damper. The vibration of the main structure causes the TMD to vibrate in resonance 
when the natural frequency of the TMD is tuned to be close to that of the main structure, resulting in 
the fact that a large amount of vibration energy of the main structure is transferred to the TMD and 
then dissipated by the damping of the TMD. To achieve the best control performance, a variety of 
optimization criteria expressed as objective functions have been proposed to determine the TMD 
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parameters, including the tuning frequency and damping ratios. Based on gradient-based algorithms, 
the optimal TMD parameters can be obtained by either maximizing or minimizing the objective 
functions. In consideration of the optimization criteria to minimize the dynamic responses of the main 
structure subjected to either external forces or base accelerations, four types of analytical models: a 
TMD attached to an undamped SDOF system under harmonic excitations (Den Hartog 1956; Neubert 
1964; Warburton 1982), a TMD attached to an undamped SDOF system under white noise excitations 
(Ayorinde and Warburton 1980; Warburton 1982), a TMD attached to a damped SDOF system under 
harmonic excitations (Warburton and Ayorinde 1980) and a TMD attached to a damped SDOF system 
under white noise excitations (Warburton 1982), have been presented to determine the optimal TMD 
parameters. For the undamped SDOF system under either harmonic or white noise excitations, the 
optimal tuning frequency and damping ratios are both explicitly formulated in terms of the mass ratio. 
The explicit formulas for the two optimal TMD parameters, however, no longer exist for the damped 
SDOF system under either harmonic or white noise excitations. Under these conditions, numerical 
iteration schemes are used to obtain both the optimal tuning frequency and damping ratios for a given 
mass ratio. 

In the studies mentioned above, the optimization of TMD parameters with relatively simple 
objective functions can only be applicable to simplified SDOF systems for both harmonic and white 
noise excitations. Such limitations have to be eliminated to more appropriately capture the complex 
characteristics of real high-rise buildings under seismic excitations. Under these conditions, however, 
the objective functions tend to be discontinuous, nondifferentiable, stochastic, and/or highly nonlinear, 
implying that it is difficult to determine the optimal TMD parameters by gradient-based algorithms. 

To overcome the limitations of gradient-based algorithms, metaheuristic algorithms inspired 
by natural phenomena, including the genetic algorithm (Hadi and Arfiadi 1998; Mohebbi and 
Joghataie 2012), particle swarm optimization (Leung et al. 2008; Leung and Zhang 2009), harmony 
search (Bekdaş and Nigdeli 2011) and ant colony optimization (Farshidianfar and Soheili 2013), have 
been rapidly applied to solve TMD optimization problems. Unlike the gradient-based algorithms, the 
metaheuristic algorithms are without restrictions on the derivative information about objective 
functions, and the corresponding optimal TMD parameters can then be obtained for an appropriate 
balance between the global exploration and local search abilities (Yang 2010). 

The simulated annealing categorized as metaheuristic algorithms was first proposed to solve 
traveling salesman problems (Kirkpatrick et al. 1983). This type of algorithm inspired by the 
annealing process of metals involves the heating and cooling stages for the purpose of increasing the 
size of the metal crystals as well as reducing their defects. In the heating stage, the metals are initially 
heated to a high temperature that allows the metal particles to move freely with respect to each other, 
while in the cooling stage, the metal particles rearrange into a crystalline state with the minimum 
energy when the metal temperature decreases for a specific cooling rate. The simulated annealing has 
been successfully applied to many engineering fields (Siddique and Adeli 2016), however, few 
applications have been devoted to TMD optimization problems. 

The objective of this paper is to investigate the simulated annealing optimization of TMDs for 
vibration control of high-rise buildings under seismic excitations. The computational procedure for an 
analytical model is presented for this purpose. Numerical examples are also provided to illustrate the 
analytical model. 
 
Analytical model 
 
The computational procedure for an analytical model, including the frequency domain analysis, 
optimization analysis and time domain analysis, is presented in this study, which will be discussed in 
this section. 

The frequency domain analysis is conducted to calculate the dynamic responses of seismic-
excited buildings using the random vibration theory (Crandall and Mark 1963). For this purpose, 
based on the previous literature (Warburton 1982), the analytical model for a two-mass system 
consisting of a TMD attached to a damped main structure subjected to base accelerations is illustrated 
in Figure 1, where M , K , C  and  tX  are the mass, stiffness, damping and displacement time 
history relative to the base of the main structure, respectively, and t  is the time; DM , DK , DC  and 
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 tX D  are the mass, stiffness, damping and displacement time history relative to the base of the TMD, 
respectively;  tX G  and  tX G

  are the displacement and acceleration time histories of the base, 
respectively. To facilitate an improved understanding of the dynamics of the two-mass system, one 
introduces a number of significant parameters: the natural frequency of the main structure MK , 

damping ratio of the main structure KMC 2 , natural frequency of the TMD DDD MK , 

damping ratio of the TMD DDDD MKC 2 , mass ratio MM D  and tuning frequency ratio 
Df  . Furthermore, the base accelerations induced by earthquakes are assumed to be white noise 

excitations with a constant spectral density 0S . Based on the above mentioned parameters, one can 
derive the equations of motion for the analytical model, and then determine the corresponding 
nondimensional complex frequency response function and variance of displacement of the main 
structure relative to the base, denoted  rH  and N , respectively, where r  is the excitation frequency 
ratio. 
 

)t(XG


 
 

Figure 1. Analytical model for two-mass system subjected to base accelerations. 
 

The optimization analysis is conducted to determine the optimal TMD parameters for 
vibration control of seismic-excited buildings using the simulated annealing (Kirkpatrick et al. 1983). 
Based on the results of the frequency domain analysis, the optimal values of f  and D , denoted optf  
and opt

D , respectively, can be obtained by minimizing N  as the objective function value minN  for 
given values of   and  . The simulated annealing algorithm is summarized in the following 
procedure: 

1. Define the problem. Determine the objective function  xf , the design point  Tnxxxx ,,, 21  , 
the l th design variable lx  ( nl ,,2,1  ), the number of design variables n , the initial design 
point  0x  and the initial objective function value   0xf . 

2. Select the annealing schedule parameters. Determine the initial temperature 0T , the final 
temperature fT , the cooling factor  (0, 1) and the maximum number of cooling stages cn , 
and initialize the outer loop counter 0i . 

3. Select the iteration parameters. Determine the maximum number of iterations in  and initialize 
the inner loop counter 1j . 

4. Perform the annealing schedule. Calculate the i th cooling temperature ( cni ,,2,1,0  ) 

        ii TT 0 ,         (1) 

where  
0TT i   for 0i  and  

f
i TT   for cni  . 
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5. Perform the iteration. Calculate the j th iteration design point ( inj ,,2,1  ) 

          rxx jj  1 ,         (2) 

and the difference between the corresponding objective function values 

           1 jj xfxff ,        (3) 

where r  is the random number. If 0f , then accept  jx  and   jxf  as the better design 
point and objective function value, respectively; go to step 6. If 0f , then calculate the 
Boltzmann probability density function value 

         iT
f

efp



 ,         (4) 

and generate the uniform random number u [0, 1]. If   ufp  , then accept  jx  and   jxf  
as the better design point and objective function value, respectively; go to step 6. If   ufp  , 
then repeat step 5. 

6. Update the inner loop counter. If inj  , then set 1 jj ; return to step 5. If inj  , then let 
   jxx 0  and      jxfxf 0 ; set 1j ; go to step 7. 

7. Update the outer loop counter. If cni  , then set 1 ii ; return to step 4. If cni  , then 
determine  jx  and   jxf  as the optimal design point and objective function value, 
respectively. 

The time domain analysis is conducted to assess the effectiveness of TMDs for vibration 
control of seismic-excited buildings using the linear acceleration method (Newmark 1959). Based on 

optf  and opt
D  obtained from the optimization analysis,  tX  as well as the corresponding root-mean-

square (RMS) and peak values for two types of systems: with and without damper, can be calculated 
according to the equations of motion for each system under seismic excitations. Under these 
conditions, the effectiveness of the TMD can be quantitatively assessed by comparing the response 
reduction rates between the two systems. 
 
Numerical examples 
 
In order to illustrate the computational procedure for the analytical model in this study, numerical 
examples, including the model validation and effectiveness assessment, are provided and discussed in 
this section. 

The model validation is conducted to evaluate the accuracy of the simulated annealing applied 
to TMD optimization problems for vibration control of seismic-excited buildings. For this purpose, 
based on the analytical model in Figure 1, the optimal TMD parameters determined by the simulated 
annealing are compared with values obtained from the gradient-based algorithm presented in the 
previous literature (Warburton 1982). In this study, the annealing schedule parameters are selected as 

0T 103 ˚C, fT 10-5 ˚C and  0.9. Figures 2 to 4 show the variations of optf , opt
D  and minN  with 

  for various values of  , corresponding to the simulated annealing and gradient-based algorithm, 
respectively. These three figures illustrate that both optf  and minN  decrease monotonically, while 

opt
D  increases monotonically with increasing   or  . Consequently, under the conditions of the two-

mass system with a larger mass ratio or higher inherent damping ratio, the TMD, accompanied by a 
lower optimal tuning frequency ratio and higher optimal damping ratio, can be used to more 
effectively suppress the variance of displacements of the main structure subjected to base 
accelerations simulated by white noise excitations. Furthermore, the numerical results determined by 
the simulated annealing are consistent with the exact solutions obtained from the gradient-based 
algorithm, suggesting that the simulated annealing provides the sufficient accuracy for such problems. 
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Figure 4. Variation of minimum objective function value with mass ratio. 
 

The effectiveness assessment is conducted to assess the effectiveness of TMDs for vibration 
control of seismic-excited buildings. Based on the simulated annealing with sufficient accuracy 
verified by the model validation, real cases of the TMD installed in the Taipei 101 subjected to a 
variety of seismic ground accelerations are studied for this purpose. In order to apply the two-mass 
system to such real cases, the Taipei 101 is simplified to a damped SDOF system with M 8.46 107 
kg, K 7.12 107 N/m, C 1.55 106 N-s/m,  0.9174 rad/s and  0.0100, the pendulum-type 
TMD is considered to be equivalent to a mass-spring-dashpot system with DM 6.60 105 kg, and 

 MMD 0.0078 is then calculated (Zuo and Cui 2013). Under these conditions, optf 0.9879 and 
opt

D 0.0441 are determined by the simulated annealing, and DK 5.42 105 N/m, DC 5.27 104 N-
s/m and D 0.9063 rad/s are then calculated from the formulas in the previous section. In order to 
increase the generality of the effectiveness assessment results, forty-two seismic ground accelerations 
induced by twenty-one earthquakes are selected from the NGA-West2 database developed by the 
Pacific Earthquake Engineering Research Center at the University of California, Berkeley (Ancheta et 

Figure 2. Variation of optimal tuning frequency 
    ratio with mass ratio. 

Figure 3. Variation of optimal TMD damping 
    ratio with mass ratio. 
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al. 2014), as summarized in Table 1. Based on the above mentioned parameters, the dynamic 
displacements of the Taipei 101 subjected to the seismic ground accelerations are calculated using the 
linear acceleration method, as listed in Table 2. These data reveal that among the total of forty-two 
cases, the RMS response reduction rates are between 1.0141% and 36.8384%, while the peak values 
are between 0.0116% and 19.8985%. Furthermore, for each of the thirty-four cases, the RMS 
response reduction rate is higher than the peak value. Consequently, compared to the peak 
displacements, the TMD can be used to more effectively suppress the RMS displacements of the main 
structure subjected to real seismic ground accelerations in most cases. 
 
Table 1. Seismic ground accelerations selected from the NGA-West2 database (Ancheta et al. 2014). 

 
 
Table 2. Dynamic displacements of the Taipei 101 subjected to seismic ground accelerations selected 

   from the NGA-West2 database. 
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To extend the results of Tables 1 and 2, under the excitation of the horizontal component 2 of the San 
Fernando earthquake accelerogram recorded on February 9, 1971 in Figure 5, the displacement time 
histories of the Taipei 101 and its TMD are provided in Figure 6. These curves illustrate that  tX  
with TMD is relatively lower than that without TMD, and  tX D  is significantly higher than  tX  
with TMD. Consequently, the dynamic displacements of the main structure can be successfully 
controlled by the TMD, indicating that the vibration energy transferred from the main structure to the 
TMD is attributed to the frequency loci veering and mode localization when the natural frequency of 
the main structure and that of the TMD approach one another. A more detailed description of such 
mechanism can be found in the authors’ previous work (Liu et al. 2013). 
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Figure 5. Horizontal component 2 of the San Fernando earthquake accelerogram (Ancheta et al. 2014). 
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Figure 6. Displacement time histories of the Taipei 101 and its TMD subjected to horizontal 
            component 2 of the San Fernando earthquake accelerogram. 
 
Conclusions 
 
The objective of this paper is to investigate the simulated annealing optimization of TMDs for 
vibration control of high-rise buildings under seismic excitations. The computational procedure for an 
analytical model, including the frequency domain analysis, optimization analysis and time domain 
analysis, is presented for this purpose. Numerical examples, including the model validation and 
effectiveness assessment, are also provided to illustrate the analytical model. A number of conclusions 
can be drawn from this study: 
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1. The numerical results determined by the simulated annealing are consistent with the exact 
solutions obtained from the gradient-based algorithm, suggesting that the simulated annealing 
provides the sufficient accuracy for such problems. 

2. Under the conditions of the two-mass system with a larger mass ratio or higher inherent damping 
ratio, the TMD, accompanied by a lower optimal tuning frequency ratio and higher optimal 
damping ratio, can be used to more effectively suppress the variance of displacements of the main 
structure subjected to base accelerations simulated by white noise excitations. 

3. Compared to the peak displacements, the TMD can be used to more effectively suppress the RMS 
displacements of the main structure subjected to real seismic ground accelerations in most cases. 

4. The dynamic displacements of the main structure can be successfully controlled by the TMD, 
indicating that the vibration energy transferred from the main structure to the TMD is attributed to 
the frequency loci veering and mode localization when the natural frequency of the main structure 
and that of the TMD approach one another. 
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